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Combustion Instability Active Control
Using Periodic Fuel Injection

J. P. Hathout¤

Robert Bosch Corporation, Palo Alto, California 94304
M. Flei� l†

John Zink Company, Tulsa, Oklahoma
and

A. M. Annaswamy‡ and A. F. Ghoniem§

Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

Active control using periodic fuel injection has the potential of suppressing combustion instability without radi-
cally changing the engine design or sacri� cing performance. A study is carried out of optimal model-based control
of combustion instability using fuel injection. The model developed is physically based and includes the acoustics,
the heat-release dynamics, their coupling, and the injection dynamics. A heat-release model with � uctuations in the
� ame surface area, as well as in the equivalence ratio, is derived. It is shown that area � uctuations coupled with the
velocity � uctuations drive longitudinalmodes to resonance caused by phase-lag dynamics,whereas equivalence ra-
tio � uctuationscan destabilize both longitudinaland bulk modes caused by time-delay dynamics. Comparisons are
made between the model predictions and several experimental rigs. The dynamicsof proportionaland two-position
(on– off ) fuel injectors are included in the model. When the overall model is used, two different control designs
are proposed. The � rst is an linear quadratic Gaussian /loop transfer recovery controller, where the time-delay
effect is ignored, and the second is a positive forecast controller, which explicitly accounts for the delay. Injection at
1) the burningzone and 2) farther upstream is considered.The characteristics of fuel injectors includingbandwidth,
authority (pulsed-fuel � ow rate), and whether it applies a proportional or a two-position (on– off ) injection are
discussed. We show that increasing authority and increasing bandwidth result in improved performance. Injection
at location 2 compared to location 1 results in a tradeoff between improved mixing and increased time delay. It is
also noted that proportional injection is more successful than on–off injection because the former can modulate
both amplitude and phase of the control fuel.

Nomenclature
Ac = cross-sectionalarea of the combustor
Ae = inlet cross-sectionalarea of the slug � ow
A f = � ame area
Ai = outlet cross-sectionalarea of the slug � ow
Be = magnetic � ux density
b = damping of the armature/poppet
c = speed of sound
E = voltage
Fm = magnetic force
i = current
k = stiffness of the armature/poppet
kp = gain of the combustor transfer function
L = length of the slug � ow
L c = distance between injector and burning zone
L e = inductance of the coil
L i = distance between tank and valve’s outlet
l = length of the armature
m = mass of the armature/poppet
Pm = mass � ow rate of gas
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Nma = mean air mass � ow rate
p = pressure
Qp% = pressure reduction rate
Q = total heat release rate
q = heat release rate per unit area
Re = resistance of the solenoid coil
Rm .s/ = desired characteristic equation
Rp.s/ = denominator of combustor transfer function
Su = burning velocity
u = velocity
us = velocity at fuel supply
V = volume of the cavity
Wp.s/ = TF of combustor
x = motion of armature
Z p.s/ = numerator of combustor transfer function
®0 = stoichiometric fuel to air ratio
1hr = heat of reaction
³ = passive damping ratio in combustor
´.t/ = modal basis function
».r; t/ = axial displacement of � ame
½u = density of the unburnt mixture
¿c = convective delay
¿e = armature electric time constant
¿ f = characteristicpropagation delay
¿� uid = � uidic time constant
Á = equivalence ratio
QÁm = normalized equivalence ratio perturbation
Ã.x/ = modal basis function

Superscripts

¡ = steady quantity
0 = perturbationquantity
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I. Introduction

C OMBUSTION instability has been widely observed in pre-
mixed combustion at near-stoichiometric operation in high-

power combustors,1¡4 as well as at lean near-� ammability con-
ditions in low-emission combustors.5¡7 Active control has been
recognizedas a promising technology to abate combustion instabil-
ity in practical systems.5;7¡11 Among the various methods, control
using periodic fuel injection has been observed to have the maxi-
mum impact on instability using the smallest fraction of the system
energy. A systematic active control design for pulsing fuel that can
guarantee optimal and robust performance over a wide range of
operating conditions is, therefore, highly desirable.

It has long been recognized that combustion instability is gov-
erned by strong coupling between the heat release and the acoustic
� eld of the combustorchamber.12 Although acoustics is well known
and can be modeled accurately,13 heat-release dynamics remains a
challenge.Most current designs are based on phase-shiftalgorithms
that succeed over a small range of operating conditions where the
frequencyand phase characteristicsdo not vary signi� cantly. In ad-
dition, their behavior is not optimal in terms of fuel consumption,
settling time, and robustness.To designan ef� cient activecontroller
that can deliver guaranteed performance, a model of the actuated
combustor that includes the combustion instability and the under-
lying dominant interactionsbetween acoustics and the heat release,
the actuator dynamics such as its bandwidth, nonlinearities,author-
ity, delay effects, and effects of operating conditions, actuator type,
and actuator locations is highly desirable. In this paper, we develop
a general model of the acoustics, heat release, and fuel injector and
various interactions between these components.

The response of heat-release rate for various perturbations in the
� ow� eld is slowly beginning to be understood. Of these, perturba-
tions due to velocity and equivalenceratio are two mechanisms that
appear to affectheat-releaserate in a dominantway.The heat-release
response to perturbations in the velocity through area � uctuations
was � rst quanti� ed by Flei� l et al.14 to establish a reduced-order
model of combustion instability15 in a laminar � ow and was later
adoptedbyPeracchioandProscia16 andDowling17 to establishinsta-
bility under more turbulentconditions.The heat-releaseresponse to
perturbations in the equivalence ratio was observed experimentally
in Refs. 18–20, with preliminaryresults related to their modelingre-
ported in Refs. 21 and 22.Whereasboth mechanismscan destabilize
longitudinalmodes,9;19;23;24 bulk modes are more strongly affected
by the latter.8;21 In this paper,we derivea generalheat-releasemodel
that captures the effect of both velocity and equivalenceratio pertur-
bations.We use the same � ame kinematicsequationas in Ref. 14 and
derive a reduced-order model of the heat-release dynamics assum-
ing that we have conditions of high Damkohler number, that there
is weak to moderate turbulent intensity, and that it is a thin sheet
separating reactants and products.The acousticmodes are assumed
to be either due to a bulk mode or a longitudinal mode. Coupling
the heat-release model and the acoustics, we derive the instability
conditions for the combustor. We show that two different perturba-
tions can cause the instability, where the � rst is due to equivalence
ratio � uctuations and a convectivedelay, whereas the second is due
to velocity � uctuations and a propagative time delay. The model
predictions in the � rst category are compared to experimental rigs
in Refs. 8, 9, 20 and 25, whereas those in the second are compared
to Refs. 9, 23, and 26–28.

The performanceof the active controller is tightly correlatedwith
the performanceof sensors and actuators.Whereas high-bandwidth
devices of the � rst are available, for example, pressure transducers
and heat-release sensors, actuation by means of fuel injection con-
sists of low-bandwidth, limited authority, time delays and nonlin-
earities (in the form of dead-zone,saturation, and on– off effects).29

Therefore, it is important to model these effects and to include them
as much as possible in the control design. The impact of ideal actu-
ators on combustion dynamics was studied extensively by Hathout
et al.,30 where it was assumed that the actuatorhas a very high band-
width and is free of nonlinearitiesas well as time delay. In this paper,
we study the effect of all of the mentioned deviations from the ideal
case. The most dominant effect of the actuator dynamics is a time

delay, which occurs due to the distance of the injection location
from the burning plane. This effect is modeled explicitly and taken
into account in the control design. When the combined model of
the combustion dynamics and the fuel-injector model is used, two
different control designs are proposed in this paper, which include
1) a linear quadratic gaussian/loop transfer recovery (LQG/LTR)
controller and 2) a positive forecast (Posi-Cast) controller.The for-
mer is utilized for the case when the injection is at the burning zone
because the time delays present are small, whereas the latter is rel-
evant when the injector is upstream of the burning zone because it
introduces signi� cant delays. In all cases, the impact of bandwidth,
authority, and nonlinearities is investigated.

II. Physically Based Combustor Model
In this section, we model the combustor heat release, acous-

tics, and inhomogeneitydynamics, and we investigate the coupling
between these dynamics and the susceptibility to instability.

A. Heat-Release Dynamics

Modelingof the heat releasedynamicsis a challengethathas been
cloudedby the intricacyof turbulentcombustion.One way of allevi-
ating the complexityis by modeling turbulentpremixed combustion
at high Damkohler numbers and weak to moderate turbulence in-
tensity as wrinkled laminar � ames.2 This was done by Flei� l et al.14

to quantify the heat-releaseresponse to perturbationsin the velocity
through area � uctuations. We carry out a similar procedure, where
we address the effects of perturbations in the equivalence ratio in
addition to the velocity perturbations. As in Ref. 14, the follow-
ing assumptions are made to derive our model: 1) The � ame is a
thin interface separatingreactantsand products and is insensitiveto
pressureperturbations.5 2) The � ame can model turbulentpremixed
combustion if conditions of high Damkohler number and weak to
moderate turbulence intensity prevail.2;16;31 3) The � ame is weakly
convoluted.

Under these assumptions, the � ame surface can be described by
a single-valued function ».r; t/, which represents the instantaneous
axial displacement of the � ame, and the total heat release Q is
proportional to the integral of this surface over an anchoring ring:
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where ·.Á/ D 2¼½u Su.Á/1hr .Á/. (We consider here a � ame stabi-
lized over a perforated plate; R is the radius of the perforation.) To
derive a linear model, the effects of perturbations in both u and Á
will be considered.

Assuming negligible velocity component in the radial direction
and linearizing around nominal values Nu, NSu , and N».r/, we get
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where Nu > Su and the boundary conditions

» 0.R; t/ D 0 8 t ; » 0.r; 0/ D 0 8 r (4)

[Note that with the appropriatechange in coordinatesand boundary
conditions, Eq. (3) can also represent � ames stabilized behind a
gutter17 or a dump.16] Similarly, the unsteady heat release can be
linearized by considering, in addition to � nite u 0, perturbations in
1hr and Su due to Á 0 to obtain the relation
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where
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(The factor d1hr =dÁj NÁ is positive, and dSu=dÁj NÁ is also positive
when Á · 1.)

Note that the � ame area � uctuation A0
f is given by

A0
f .t/ D 2¼

Z R

0

» 0.r; t/ dr

This, with Eq. (3), shows that the � ame area is affected by both u 0

and Á and that the area in turn impacts Q 0 as shown in Eq. (5). This
also shows that Á0 affects Q 0 directly and indirectly through the area
� uctuations.

Equation (3) can be manipulated further and solved for » 0 in the
Laplace domain as

» 0.r; s/ D
³

u 0.s/

s
C @ N»

@r

dSu

dÁ

­­­­
NÁ

Á0.s/

s

´»
1 ¡ exp

µ
¡.R ¡ r/

s
NSu

¶¼

(6)

where s is the Laplace operator.DifferentiatingEq. (5) with respect
to time and using Eq. (3), we get

PQ 0 D N·
Z R

0

³
u 0 C NSu

@» 0

@r
C @ N»

@r
dSu

dÁ

­­­­
NÁ
Á 0

´
dr C dÁ

PÁ0 (7)

which is integrated over r as
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Taking the inverse Laplace of Eq. (6) at r D 0 and substituting in
Eq. (8), after some manipulations we get
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where ¿ f is the characteristicpropagationdelay of the � ame surface
into the reactants � ow. Note that, for the class of � ames considered
in the paper, the slope at the � ame tip, which is typically conical, is
zero, and therefore, the third term on the right-hand-sideof Eq. (9)
can be omitted. We also note that, if the dominant instability is due
to the bulk mode, it implies that the velocity � uctuationsu 0 are zero.
Hence, unsteady heat release can occur only if equivalence ratio
perturbationsare present, for weak to moderate turbulent intensity.

B. Acoustics

The host oscillators responsible for the combustion instability, in
most cases, are generated by resonant acoustic modes. These are,
typically, Helmholtz-type, longitudinal or transverse, with the type
of mode determined by the geometry of the combustion chamber.
Helmholtz-typecombustion instabilities (also known as bulk-mode
instabilities) are characterized by low frequencies and no spatial

Fig. 1 Schematic diagram of a combustorexhibitinga Helmholtz-type
resonance.

dependencefor the pressure, unlike longitudinalmodes, which res-
onate at higher frequenciesand vary with the span of the combustor
dependingon the boundaryconditions.24 Both bulk and longitudinal
modes coexist in many rigs.8;28;29;32

The origin of a Helmholtz-type resonance13 is the coupling be-
tween a compressible volume of gas in a large cavity creating a
restoring potential energy for an oscillating mass of slug � ow gas
in a narrow neck attached to the cavity. The slug � ow could occur
either at the inlet or exit piping to the combustor chamber where the
� ame resides and that can be considered as the cavity (see Fig. 1).

The governingequations of the Helmholtz-mode are derived for-
mally by using the following assumptions: 1) The � ow is assumed
one dimensional and incompressible in the ducts. 2) The volume of
the combustor chamber is larger than that of each duct. 3) The gas
behaves as a perfect gas and is inviscid. When the mass and energy
conservations in the combustor portrayed in Fig. 1 are applied, and
the perfectgas stateequationis used, the perturbationof the pressure
in the combustor cavity around the steady mean can be evaluatedas
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D
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where the subscripts i and e denote inlet and exit, respectively.
When momentum and mass conservation are used, the perturbed
incompressible � ow in the ducts satis� es
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where A and L are the cross-sectional area and length of the slug
� ow in the j th duct and j D i or e. By substitution in Eq. (11), we
get
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When the inlet and the exit ducts are assumed acoustically open
to the atmosphere, that is, the pressure distribution in the ducts is
negligible, then, .@p0

j=@x/.L j ; t/ D p0=L j , and this results in the
following oscillator equation for the pressure in the combustor:
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where ! D
p

[.c2
i Ai =L i V / C .c2

e Ae=L eV /] is the effective Helm-
holtz frequency13 associated with a combustor connected to ducts.
The passive damping in the combustor due to different dissipation
sources, for example, heat loss and friction, is accounted for in the
natural damping ratio ³ .

The governing equations for a longitudinalmode can be derived
in a straightforwardmanner24 and are of the form

@2 p0

@ t2
¡ Nc2 @2 p0

@x2
D .° ¡ 1/ Pq 0.x; t/ (15)

where Nc is the mean speed of sound and q 0 is the heat release rate
per unit volume.

Equations (14) and (15) denote the acoustic dynamics for a
Helmholtz mode and a longitudinal mode, respectively. In what
follows, instabilities arising from either of these two modes will be
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considered. The same approach can be used for transverse modes
as well, for example, screech modes in rockets.33 We also as-
sume that � ames are localized close to the anchoring plane, so that
q 0.x; t/ D [Q 0.t/=Ac]±.x ¡ x f /.

By the use of an expansion in basis functions for both Eqs. (14)
and (15) as

p0.x; t/ D Np
nX

i D 0

Ãi .x/´i .t/ (16)

where Ã0 is a constant, because it corresponds to the spatial varia-
tion in the bulk mode, Ãi .x/ D sin.ki x C Ái0/; i D 1; : : : ; n, and ki

and Ái0 are determined from the boundary conditions.Performing a
weighted spatial averaging, the modal amplitudes can be shown to
follow24
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where ° is the speci� c ratio, a0 D .° ¡ 1/=° Np, ³ is the damp-
ing ratio, L is its length, !2

0 D
p

.An=Ln V /; V is the volume
of the combustor, An and Ln are the cross-sectional area and
length of the inlet /outlet neck connected to the combustor, and
!i D ki Nc; i D 1; : : : ; n. Typically, !0 ¿ !i , for i D 1; : : : ; n. (Note
that dissipation in a combustor can be caused by heat losses in the
� ame zone and friction due to viscous effects.)

C. Coupling Dynamics

In Secs. II.A and II.B, we analyzed heat release and acoustics
individually.Here, we investigatethe physicalcouplingbetween the
heat release and the acoustics, which will drive them to resonance.

In the case when a Helmholtz-type resonance is triggered in the
combustor, the acoustic velocity is very small in the bulk, and the
possible coupling between heat release � uctuations and acoustics
is through the pressure. Under such conditions,we can assume that
u 0 » 0 (Ref. 22). However, coupling can be produced through per-
turbations in the equivalence ratio, which in turn can occur due to
feedlinedynamics.16 In particular, if either the air- or fuel-� ow feed
is chokedand the other feed is unchoked,Á can � uctuate. In general,
the fuel nozzle is more likely to be choked than the air duct,16 and
the instantaneousequivalence ratio Ás at the exit of the fuel nozzle
due to air� ow � uctuations is determined as

Ás D NÁ=.1 C u 0
s= Nu/ (18)

where us is similar to a relation used in Ref. 16. When linearized,
we obtain the following relation:

Á 0 D ¡. NÁ= Nu/u 0 (19)

In addition, there is a convective delay ¿c due to transport lag from
the supply to the burning plane of the � ame, and, hence,

Á 0 D Á 0
s.t ¡ ¿c/ (20)

where ¿c D L= Nu.
The equivalence ratio perturbations, in turn, can be related to the

pressureperturbationsin the combustorby considering the momen-
tum conservation in the inlet duct,

@u 0
i

@t
C 1

½i

@pi

@x
D 0 (21)

where u i and pi are the velocity and the pressure at the inlet duct,
respectively. When the dominant acoustic modes are longitudinal,
both perturbations in u and Á can induce instability. The coupling

between u and p can be determined using the energy conservation
equation as
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D. Complete Combustion Model

Combiningtheacoustics,heat-release,and convective-lageffects,
we obtain the following equations:
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Equation (23) indicates that two different time delays, ¿ f and ¿c ,
can induce these excitations, one arising from propagation effects
and the other from convection. Also note from Eq. (23) that if the
dominant pressure mode is that of a bulk mode then it can be ex-
cited only due to perturbations in the equivalence ratio. However,
if longitudinal modes are the ones that are dominant, they can be
excited either by u 0 perturbationsor by Á 0 perturbations.

The complete combustion dynamics is, therefore, determined by
Eq. (23) and the coupling relations given by Eqs. (20–22). For ease
of exposition,we assume that only one acousticmode is presentand
set ´i D ´. Equation (20) or Eqs. (21) and (22) are used, depending
on whether the dominantvariationsare in u 0 or in Á0. If the variations
are mainly in u 0, then Eqs. (23) and (22) can be combined to obtain
the relation
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and if they are due to Á0, then Eqs. (23), (21), and (20) can be
combined to obtain
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At the acoustic frequency, the impact of the second term on the
right-hand side of Eq. (25) is typically smaller. Hence, a simpli� ed
version of Eq. (25) can be analyzed in the form

Ŕ C 2³! Ṕ C !2´ ¡ ¯1´.t ¡ ¿c/ D 0 (26)

Note that the structureof Eq. (26) is identical to that of Eq. (24) with
the differences only due to the parameters. The other distinction is
in the damping effect; in the former, if °1 is positive, even in the
absence of any time delay, instabilities can be present. In the latter,
on the other hand, instability is only due to the time delay ¿c ; the
damping effect is stabilizing.

The precedingdiscussions indicate that the general class of mod-
els that describe the combustion instability are of the form of

Ŕ C 2³0! Ṕ C
¡
!2 ¡ k1

¢
´ C k2´.t ¡ ¿ / D 0 (27)

with ³0; !; k1; k2, and ¿ taking different values depending on
whether the instability is due to u0 or Á0.
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III. Instability Properties and Comparison
with Experimental Results

In Ref. 34, stability bounds for both second-orderand third-order
delayed ordinary differential equations of the form of Eqs. (27)
and (25), respectively,were investigated.The highlights of Ref. 34
that are relevant for our discussions here are brie� y stated.

For a system of the form of Eq. (27), three possibilities exist:
1) the system is always stable for all ¿ , 2) the system is stable for
¿ 2 [0; ¿ ¤] and unstable for all ¿ ¸ ¿ ¤, and 3) the system alternates
betweenstabilityand instabilityas ¿ increases.The resultsofRef. 34
outline conditions on the parameters ³; !; k1, and k2 , for cases 1–3
to occur. For case 3, it is necessary for k1 < !2 . In most combus-
tors, it can be shown that the latter is satis� ed, that is, one should
expect the presence of instability bands. Note that most experimen-
tal results where Á 0 � uctuationsoccur illustrate such bands. We now
make more detailed comparisons between the bands predicted by
our model and experimental results.

A. Instability due to Á0 Fluctuations

We now compare the instability characteristics predicted by the
model in Eq. (27) with the four experimental results presented in
Refs. 8, 19, 20, and 25. In the � rst three cases, the fuel feedline
was choked while that of air was unchoked. In Ref. 20, Lieuwen
and Zinn also studied the case when the fuel line was unchoked
and the air feed was choked. In Ref. 25, the corresponding details
are not given, though � uctuations were observed to be present at
the outlet of the fuel line. Such feedline characteristicsintroduce Á 0

� uctuations, as shown in Sec. II.C. We consider each of these four
results and show how the instability characteristics as predicted by
the model in Eq. (27) compare with the results reported in Refs. 8,
9, 20, and 25.

In Ref. 20, measurements of the pressure amplitude from differ-
ent experiments where the position of the unchoked fuel inlet was
changed, hence changing the convective delay ¿c , were collected
as a function of ¿c=¿ac; where ¿ac D 2¼=!. The unstable regimes
cluster around ¿c=¿ac D 0:65 and 1.6, which is in agreement with
our model. We neglected the effect of damping in all four cases,
because it is small and dif� cult to quantify. The results in Ref. 34
show that instability occurs when

.n C 1/=2 < ¿c=¿ac < .n C 2/=2 for n D 0; 2; 4; : : : (28)

which encompasses the unstable regions in Ref. 20. In addition, in
Ref. 19, instabilityoccurredat 0:5 < ¿c=¿ac < 1:0, when the fuel inlet
was unchoked, which is in agreement with our model predictions
(Fig. 2). Note that the acoustic mode was that of a quarter-wave in
Ref. 19 and a half-wave in Ref. 20.

The instabilitymode in Ref. 8 correspondsto that of a bulk mode
with ! D 200 Hz, where Á 0 � uctuations were measured. Based on
the experimentaldata provided in Ref. 8, we calculated¿c D 3:1 ms,
leadingto ¿c=¿ac D 0:62, which matches the model predictionsfrom
Eq. (28).

Our � nal comparison is with the results by Mongia et al.,25 where
the instability characteristics were observed to vary with L , the

Fig. 2 Instability band measured in Ref. 19 vs our model predictions
(shaded area).

distance of the fuel injector from the burning zone (see Fig. 7 in
Ref. 25). The paper shows that instability is also dependent on the
value of NÁ. As the latter decreases, the instability vanishes. Our
model can predict this behavior because NÁ affects ¯1 in Eq. (26).
According to Ref. 34, as NÁ and, hence, ¯1 decreases, and below a
critical value for the latter, the system will be stable irrespective of
the amount of delay.

B. Instability due to u0 Fluctuations

In several other experimental studies9;23;26¡28;35 the feedline dy-
namics was decoupledfrom the burningzone, but the pressureinsta-
bilities were still observed to be present. In this section,we compare
ourmodelpredictionswith the results from these studies.The results
in Refs. 23, 26, and 27 pertain to laminar � ow conditions, with the
air and fuel thoroughlymixed before the burningzone,which allows
one to assume that Á 0 � uctuations are small. In Ref. 28, the fuel-
and airstreams are introduced using similar means with neither be-
ing choked. In Ref. 9, a premixer upstreamof the cold section of the
combustor was introduced to ensure thorough mixing. In Ref. 36, a
similar arrangement is made to decouple the feedline perturbations.
That is, in all of these experimental studies, thorough mixing was
achieved,and as a result, it is reasonable to assume that Á0 perturba-
tions are small. However, in these studies, combustion instabilities
were still observed to be present, which indicate that a mechanism
different from Á 0 � uctuationsmay be responsible for the resonance.

As mentioned in Sec. II.D, two differentperturbations,u 0 and Á0,
can result in instability, as represented by the models in Eqs. (24)
and (25), respectively.The model in Eq. (24) and the discussion in
Sec. III show that 1) if °1 > 0, instability can be present for very
small values of ¿ f and 2) as the time delay ¿ f in Eq. (24) increases,
the system can alternate between stability and instability.

We now evaluate the model properties 1 and 2 through the stud-
ies of Refs. 9, 23, 26–28, and 35. In Refs. 23, 26, and 27, the
three-quartermode is dominant, for which °1 > 0. The experiments
reveal that this mode is unstable, which corroborates property 1. In
these studies, ¿ f is negligible because the � ow velocities are in the
laminar region,and hence, R=Su is small. Hence, the operatingcon-
dition falls always in the � rst band,which correspondsto instability.
Therefore, property 2 is indirectly validated.

In Refs. 9, 28, and 35, the � ow velocities are in the turbulent
regime. The question here is whether the model in Eq. (27) can
predict the instability reported in these three papers. Clearly, other
mechanisms, especially those due to hydrodynamics and vortex–

� ame interactions,are present and may contribute to the instability.
Therefore, parameters such as ¿ f in model (24) may not be physi-
callymeaningful.However,note that theglobalinstabilityproperties
of the model such as properties 1 and 2 are mirrored in the exper-
iments in Refs. 9, 28, and 35. In Refs. 9 and 28, the quarter-wave
modeof the hot section is driven to resonance.This implies that °1 in
Eq. (24) is negative, and hence, ³0 in Eq. (27) is positive. However,
instability bands were observed to occur in Ref. 9 as NÁ changes.
Noting that ¿ f is a function of Su and, therefore, a function of NÁ,
property2 can be viewed as a corrobationof the results by Richards
et al.9 In Ref. 35, the half-wavemode is dominant, for which °1 > 0,
and hence, property 2 corroborates the results by Kim et al.35 as
well, albeit indirectly.

IV. Control
In this section, we investigate model-based control strategies for

abating combustion instability using secondary fuel injection. A
pulsating fuel injector delivers oscillations in the mass � ow rate in
response to a voltage input. The injector dynamics is modeled from
� rst principles, both in the case when the mass � ow rate is propor-
tional to the input voltage and in the case when the injector operates
in an on– off mode. We assume that the pressure signal is the mea-
sured output, using a pressure transducer.The transducerdynamics
is neglected because it typically has a much higher bandwidth than
the combustion dynamics.We then developactive control strategies
using the model developed in Sec. II for the combustion dynamics
and the fuel-injectormodel. We study the cases where an injector is
locatedat 1) the burningzoneor 2) fartherupstream.We assume that
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Fig. 3 Schematic of typical injector.

the combustion dynamics is determined by several coupled acous-
tic modes.24 The control design is carried out for the case when
the instability is primarily induced by � uctuations in the � ame area
coupledwith the acoustics.See Refs. 21 and 22 for investigationsof
instability caused by equivalence ratio � uctuations and its control.

A. Fuel-Injector Dynamics

1. Proportional Injector

The injector system consists of an electromechanical part and a
� uidic part, where, in the former, the input voltage generates an
electromagnetic � eld that causes a poppet to move against a spring
(Fig.3). The motionof thepoppetcontrolstheapertureof theinjector
allowing � uid to � ow.

The electromechanical part relates the voltage E to the poppet
position x through the electrical, electromagnetic, and mechanical
components, which can be modeled as

E D i Re C L e
di

dt
C V (29)

V D Bel
dx

dt
(30)

Fm D Beli (31)

m
d2x

dt2
C b

dx

dt
C kx D Fm (32)

where x is the motionof thearmature in thedirectionof the magnetic
force, l is the length of the armature, which moves orthogonal to the
magnetic � eld, respectively.Here, m is the effective mass.

In most solenoid systems, the armature electric time constant,
¿e D Le=Re, is negligiblecompared to the acoustics time constant.36

In these valves, the stiffness of the spring, k, is large, for a fast
closing of the valve, when the voltage is turned off. Also, the mass
m of the armature is very small in many of the typical injectors to
minimize inertia forces.36 The damping term b contains the overall
damping,includingstictionand friction,and typicallyis large.Thus,
the mechanical system can be simpli� ed as a � rst-order, damper–
spring system.37 The mechanical time constant usually limits the
bandwidth of typical injectors to approximately 100 Hz. (Note that
othereffects,suchas impactdynamics,arenot includedherebecause
we expect them to be of higher frequencies than the combustor
dynamics.)

Thus, Eqs. (29–32) can be simpli� ed as

x.s/

E.s/
D

kv

.¿es C 1/.ms2 C bs C k/ C B2
e l2

¯
Res

»D
kv ¿m

¿ms C 1
(33)

where kv D Bel=Re and ¿m D .b C B2
e l2=Re/=k. The mass � ow rate

is givenby Pm f D ½v A, where A is the areaof thepoppetopeningand
½ and v are density and velocityof the fuel, respectively.Here Pm 0

f is
generated due to A0; v 0, and ½ 0, which are in turn due to the motion

Fig. 4 Block diagram of a typical two-position injector.

of the poppet x , upstream � ow perturbation, and compressibility
effects, respectively.This can be expressed as

Pm 0
f D ½ NAv 0 C ½ Nv NA0 C ½0 NA Nv

»D N½ NvA0 (34)

because the pressure drop across the injector is large due to choked
conditionsat the outlet and because atomized liquid fuel is assumed
to be used for secondary fuel injection.From Eqs. (33) and (34), the
fuel injector can be modeled as

Pm 0
f .s/

E.s/
D

kvk0¿m N½ Nv
¿ms C 1

(35)

wherek0 D A=x . [For more advancedproportionalinjectors,internal
feedback loops exist (for example, using a position transducer for
the armature) to guarantee accurate metering and to increase its
bandwidth, for example, a Moog DDV proportional valve has a
bandwidth of 450 Hz (Ref. 38).]

2. Two-Position (On–Off ) Fuel Injector

Some fuel injectors currently used for combustion control11;30;39

operate only between two positions, on and off. Unlike the pro-
portional injectors discussed earlier, the physical stops play a more
prominent role in the dynamics. However, one can still model two-
position injectorsin the same manner as describedearlierby includ-
ing the effectof the physicalstops as a saturationblocktogetherwith
Eq. (35), as shown in Fig. 4.

A two-position injector is turned on after the voltage input over-
comes a certain threshold, thus creating a dead zone in the con-
trol input (Fig. 4), which will be discussed further when control is
implemented in Sec. IV.C.

Also note the distinction between the injector dynamics during
transition from closing and opening. Typically, the injector is over-
driven by a high voltage in the openingmode to ensure fast opening.
The opening time constant is different from the closing one because
the electromagnetic force is not present during closing. This effect
can also be included in the injector model (Fig. 4) by assuming that
¿m varies between two values ¿m1 and ¿m2 depending on whether
the injector is transitioning from off to on or on to off. Note that
¿m1 D ¿m (as de� ned before) and ¿m2 D b=k. See Ref. 40 for more
details regarding this model when validated against two different
injectors, Parker 9-130-905 and 9-633-900. (Note that when inertia
forces in the armature are important, a second-order fuel-injector
model, with high damping is more appropriate. The experimental
measurements in Ref. 39 for a General Valve Series 9 model show
similar dynamics.)

B. Actuated Combustor

Denoting the contribution of the fuel injector to the equivalence
ratio as Á0

c , we have Á 0
c D .m 0

f = Nma/=®0 , where Nma and ®0 are the
mean air mass � ow rate and the stoichiometric fuel to air ratio,
respectively. We assume that Á0

c is uniform radially and that per-
turbations are carried intact by the mean � ow to the burning zone,
after a time delay ¿c , where ¿c D L c=Nu, and where Lc is the distance
between the injector discharge and the burning zone and Nu is the
mean velocity of the reactants in the combustor.

From Eq. (23), the impact of Á0
c on the combustion dynamics can

be taken into account as

Ŕi C 2³!i Ṕi C !2
i ´ D . Qbi =Ac/[ N· Ru 0 C d1

PÁc.t ¡ ¿c/] (36)

for i D 1; 2; : : : ; n, where i denotes the mode number.
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C. Control Design

1. Injection at the Burning Zone

Injection at the � ame has shown success in several experimental
facilities,11;29;39 and in a practical full-scale 170 MW gas-turbine
combustor.10 We carry out active control design assuming that the
injection is at the � ame, using the model in Eq. (36) while ¿c ¼ 0,
together with the injection dynamics described by Eq. (35). The
input– output model relation between the injector input voltage E
and the pressure p0 is given by

p0.s/ D Wp.s/E.s/; Wp.s/ D kp Z p.s/=Rp.s/ (37)

where Wp.s/ is the transfer function of a � nite-dimensionalmodel
of the combustor and kp ; Z p.s/, and Rp.s/ are the corresponding
gain, numerator, and denominator, respectively.

An appropriateoptimal control for the � nite-dimensionalsystem
as in Eq. (37) is LQG/LTR.41 Its success lies in its ability to generate
satisfactory performance over a wide range of frequencies, unlike
phase-shift controllers, which can destabilize stable dynamics.15;42

Experimental validation of the LQG/LTR for combustion control
has been demonstrated in Refs. 26, 40, and 43. In Ref. 26, a similar
physicallybased model was used with a loudspeakeras an actuator.
In Refs. 40 and 43, a system-ID approach based on subspace and
ARMAX methods44 was used to suppress pressure oscillations in a
dump and a swirl-stabilizedcombustors, respectively, using pulsed
injection. In this paper, we show through simulation studies that
LQG/LTR can also be used successfullybased on a physicalmodel,
usingfuel injectoras an actuator.For detailsof the LQG/LTR control
design, see Refs. 15 and 26.

Simulations of the LQG/LTR controllerwere conducted.A � fth-
order combustordynamics model including the � rst two modes, the
� ame dynamics, and the injector dynamics is considered.The com-
bustor parameters and conditions are taken as in Ref. 15, which
cause a three-quarter-mode instability that resonates at approxi-
mately 500 Hz and has unsteady pressureamplitudesof O(100 Pa).
For this combustor model, an LQG/LTR controller was designed.
The fuel injector was assumed to be proportional,with a bandwidth
of about 300 Hz, which is achievable with the available injectors.38

It was also assumed that QÁm D jÁ0
c= NÁjmax · 0:12 (with NÁ D 0:7). We

observed that the resulting controller satisfactorily suppressed the
pressure oscillations with a settling time of10 ms (Ref. 45).

We also carried out a simulation study using an on– off injector.
A typical response with an on– off injector is shown in Fig. 5 for a
bandwidth of 300 Hz and QÁm D 0:125. When a 300-Hz bandwidth
injector was used, the LQG/LTR is still capable of stabilizing the
system. We note in Fig. 5 that the pressure is suppressed to a small
but � nite amplitude limit cycle. The reason is that the injector has
a threshold input voltage value at which it is activated. Thus, fol-
lowing the suppression of the instability, the injector stops pulsing

Fig. 5 Response of the controlled combustor with an on– off injector
set to deliver (ÁÁc jj max/ ÅÁÁ) ¼ 0.125 and with a bandwidth ¼ 300 Hz.

Fig. 6 Comparison of relative reduction in pressure amplitude using
the proportional and on–off injectors with increase in the normalized
equivalence ratio perturbation ÄÁÁm.

at from t ¼ 105 to 138 ms, as seen in Fig. 5. Disturbances in the
combustor force the pressure to grow, until the measured voltageby
the microphone reaches the threshold at which the injector starts to
trigger again. In the case simulated, this occurs at t > 138 ms. This
sequence is repeated inde� nitely.

To quantify the level of achievable reduction in pressure, a quan-
tity Qp% was chosen as

Qp% D
1
20

R
Tc

p
p0 2.¿/ d¿

maxt 2 T jp0.t/j
£ 100

Tc D [60ms 80 ms]; T D [0 50 ms] (38)

We chose T as in Eq. (38) because the combustor considered in
Ref. 15 reaches its limit-cycle amplitude within this period. Tc was
chosen as in Eq. (38) because it represents a typical interval over
which control has taken effect. The variation in Qp% with QÁm is
shown in Fig. 6 for both the proportional and the on– off injector,
for a bandwidth of 300 Hz. At QÁm D 0:12, the proportional injec-
tor achieves about 100% reduction, whereas the on– off injector
achieves none. As QÁm was increased to 0.125 and beyond, the on–

off injectorachieves65% reduction,which increasesgraduallywith
QÁm . (We note that a similar trend in performance was observed in
Fig. 13 in Ref. 29.) In contrast, the same levels of reduction can be
achieved using the proportional controller for much smaller values
of QÁm , between 0.08 and 0.12.

A similarcomparisonwas madebetweenthe proportionalandon–

off injectors on the basis of their bandwidths. As shown in Fig. 7,
the bandwidth of the injector basically affects the performance for
an on– off injector as opposed to that of a proportionalinjector.The
reasonfor the latter is that the reductionin achievableoutputdue to a
smaller bandwidth is adequatelycompensatedfor by the robustness
of the LQG/LTR controllerto the associatedgain and phasechanges.
Unlike the proportional injector, the on– off injector results in a
decreasingamplitude reduction with bandwidth; for bandwidth less
than 300 Hz, the on– off injector is simply unable to suppress the
pressure oscillations that occur at 500 Hz.

The preceding discussions shows that injector bandwidth is a
serious problem.29;43 Different solutions have been proposed that
include1) developing faster injectors38 and 2) use of multiple injec-
tors that are � red alternatively to increase the apparent frequency
of actuation.29 A different approach that has shown promise re-
gardless of high-bandwidth injectors is through fuel pulsing at low
frequencies (much lower than the acoustics). This is demonstrated
experimentally in Refs. 9 and 28 and analytically in Ref. 46.
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Fig. 7 Comparison of relative reduction in pressure amplitude using
the proportionaland on– off injectors with increase in the injector band-
width; unstable frequency at 500 Hz.

2. Injection Upstream the Burning Zone: Delay in the Control Input

Whereas injecting fuel directly on the � ame10;11;29;39 avoids ac-
tuation delays, it introduces hot spots at the � ame surface, thus,
increasing emissions. In addition, if mixing is weak at the injection
port, we run the danger of creating a secondary diffusion � ame that
can be decoupledfrom the main premixed� ame and, hence,become
ineffective in suppressing the instability. [This has been noticed in
experimentsat MassachusettsInstituteof Technologyand at UTRC
(private communication with J. M. Cohen, 2000).]

In this section,we study pulsed-fuel injection upstream the burn-
ing zone. This has been utilized in Ref. 8 where secondary injection
was done at the primary fuel source. In Ref. 22, we presented a
Posi-Cast control capable of working with an injector located at an
arbitrary distance upstream of the � ame. In that case, a bulk mode
was unstable. Here, we extend the analysis of the Posi-Cast control
and show that it is capableof stabilizinglongitudinalmodes as well.

3. Posi-Cast Control

A powerful approach for controlling systems with known time-
delay was originated by Smith,47 which is known as Posi-Cast, for
positive forecasting of future states. The idea is to compensate for
the delayed output using input values stored over a time window
equal to the delay time, that is, [t ¡ ¿c; t ], and to estimate the future
output using a model of the combustor. Only stable systems were
considered.An extension to includeunstable systems was proposed
in Ref. 48 using � nite-time integrals of the delayed input values,
thereby avoiding unstable pole-zero cancellations, which may oc-
cur.A frequency-domainpole-placementtechniqueforunstablesys-
tems was � rst proposed in Ref. 49 and a similar technique will be
presented here.

The model in Eq. (37), in the presence of a time delay ¿c can be
rewritten as

p0.t/ D Wp.s/[E.t ¡ ¿c/]; Wp.s/ D
kp Z p.s/

Rp.s/
(39)

Because of the nature of the combustion system, not all states are
accessible, only the system input, that is, the voltage to the injector
E.t/, and the output, p0 in our case, are measured. A standard pole-
placementcontrolleris required.(For more information,seeRefs. 49
and 50.) The presence of the time delay ¿c in the control input
motivates the use of an additional signal in the control input E .t/,
denoted as E1.t/, which anticipates the future output using a model
of the system.22 The resulting controller structure is described as

E .t/ D [c.s/=3.s/]E.t ¡ ¿c/ C [d.s/=3.s/]p0.t/ C E1.t/

E1.t/ D [n1.s/=Rp.s/]E.t/ ¡ [n2.s/=Rp.s/]E.t ¡ ¿c/ (40)

where 3.s/ is a chosen stable polynomial of degree n ¡ 1I d.s/;
n1.s/, and n2.s/ are polynomialsof degree n ¡ 1 at most; and c.s/ is
of degreen ¡ 2 at most. For stability, these must satisfy the relations

c.s/Rp.s/ C kpd.s/Z p.s/ D 3.s/n2.s/ (41)

n1.s/ D R p.s/ ¡ Rm .s/ (42)

where Rm .s/ is the desired characteristicequation,which is a stable
monic polynomial of the same order of Rp.s/.

When the controller structure in Eq. (40) is used with the condi-
tions in Eqs. (41) and (42), the closed-loop transfer function can be
computed as

Wcl.s/ D
kpe¡s¿c

Rm.s/
(43)

The controlinput law, in Eq. (40), introducesadditionaldynamics
includingnonminimum phase zeros having the same eigenvaluesof
Rp.s/. Obviously, these lead to unstablepole-zerocancellationsbe-
cause the combustormodel is open-loopunstable, that is, Rp.s/ has
unstable eigenvalues. Unstable pole-zero cancellations are known
to cause problems concerning observability and controllability of
the plant. (See Ref. 36 for more details.) As a result, a modi� cation
in the synthesis of E1.t/ in Eq. (40) was suggestedby Manitius and
Olbrot.48 To avoid unstable pole-zero cancellations, E1.t/ must be
generated as a � nite integral of the form

E1.t/ D
nX

i D 1

µ Z 0

¡¿c

e¡¸i ¾ E.t C ¾/ d¾

¶
(44)

where ¸i are the eigenvalues of the combustor system, that is,

Rp.s/ D
nY

i D 1

.s ¡ ¸i /

Taking the Laplace transform of Eq. (44), one can show that

n1.s/

Rp.s/
D

nX

i D 1

®i

s ¡ ¸i
;

n2.s/

Rp.s/
D

nX

i D 1

¯i

s ¡ ¸i

(45)

where ¯i D ®i e¸i ¿c . Another condition for the successful use of the
� nite integral in Eq. (44) is that Rp.s/ has no repeated roots.49

The controller described in Eqs. (40) and (44) is suf� cient to
stabilize the combustor provided that an accurate descriptionof the
plant and the time delay are available. This controller has been
shown to provide robustness to uncertainties in the plant including
the time delay.48 Adaptive versionsof the same controllerhave been
investigated51;52 and have shown to extend the robustness of the
controller to parameter uncertainties.

Simulationsof the Posi-Cast controllerwere conducted.The con-
troller in Eqs. (40) and (44) is implementedfor injectionat a distance
of»3 cmupstreamtheburningzoneand¿c is estimatedto be100ms,
which is about 50 times the time constantof the unstable frequency.

The closed-loop simulation is shown in Fig. 8. Although control
is switched on at t D 50 ms, the pressure keeps increasing for an
additional t D ¿c D 100 ms (from t D 50 to 150 ms), then stalls for
another 100 ms (from t D 150 to 250 ms) before decaying. The
reason for the former delay is physical and is due to the time taken
for the pulsed fuel to reach the burning zone. The latter is due
to a computational delay in the controller. Speci� cally, the � nite
integral in Eq. (44) outputs incorrect values for a period of ¿c. This
is because the computation of the � nite integral relies on a stored
window of the past values of the control input of the size of ¿c .
When control is switched on, the window consists of control inputs
proportional to p0, which has not yet felt the effect of control due
to the physical delay ¿c (the values of p0 are still those of the open-
loop combustor). Therefore, it requires t D 2¿c to start forming a
window of integration with control input corresponding to closed-
loop values. This con� rms observations in Ref. 48.
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Fig. 8 Response of the controlled combustor with a time delay of
100 ms in the input signal, proportional injector. Note that only the
envelope of the response is shown for clarity because the scale of the
plot does not permit seeing individual cycles.

Fig. 9 Response of the controlled combustor with a time-delay of
100 ms in the input signal, on–off injector. Note that only the enve-
lope of the response is shown for clarity because the scale of the plot
does not permit seeing individual cycles.

In Fig. 9, a two-position injector is used. The control design is
basedon the linearmodel, and its parametersare � ne tuned to handle
the nonlinearities. As discussed earlier, the control is switched on
at 50 ms and stabilizes the system. The injector stays on as long
as the voltage signal into the injector is greater than a threshold, as
discussed before in Sec. IV.A.2.

Note that when combustion instability is caused by Á0
s � uctua-

tions, as discussed in Sec. II, the characteristic equation looks dif-
ferent than in Eqs. (37) and (39). Rp.s/ has terms that are delayed,
due to the convectivedelay ¿s carried by Á0

s . Hence, Rp.s/ becomes
in� nite dimensional.To circumvent this, a Padé approximation53 is
used to get a � nite-dimensionaldescription of Rp.s/, and thus, the
LQG/LTR and Posi-Cast controllers as described in Secs. IV.C.1
and IV.C.2, respectively,can similarly be used for this case.

V. Conclusions
Active model-basedcontrolof combustioninstabilityis discussed

using time-delay models and actuation using fuel injection. The
model includes heat-release dynamics, which is characterized us-
ing � ames with high Damkohler numbers and moderate turbulence
responding to perturbations in both the velocity and the equiva-
lence ratio at the burning zone. The time delays present are due

to convection and � ame propagation, with the former effect due to
feedline dynamics convected from the supply to the burning zone
and the latter effect due to the reactive mixture propagating at the
burning velocity. The convective time delay appears to be the more
pronouncedeffect if equivalenceratio perturbations(which are due
to mixing dynamics) are dominant, and the propagation time delay
� gures prominently when the velocity perturbationsat the burning
zone are dominant. Interestingly, the time-delay models that are
obtained in both cases are similar in form.

We also showed that these time-delaymodels are able to predict a
numberof experimentalresults.The con� gurationswhere dominant
equivalence ratio perturbations were shown to be present8;19;20;25

were shown to containobservationssimilar to the model predictions
where equivalence ratio perturbations are dominant. Other con� g-
urations, where care was taken to decouple the feedline dynamics
from the burning zone by allowing the fuel and air to be thoroughly
mixed,9;23;26¡28;35 were also considered. It was shown that the re-
sults in these investigations can be corroborated by the model pre-
dictions for the case when the velocity perturbationsare dominant.
Whereasvelocityperturbationscauseinstabilityevenwhen the time-
delay is small because of an inherent phase lag, equivalence-ratio
oscillationsintroduce instabilityprimarily due to a large time delay.

Proceeding toward active model-based control using fuel injec-
tion,we � rst presenteda modelof a proportionalfuel injectorbycon-
sidering its electrical, mechanical, and � uidic components. Based
on the combined model of the combustor, the injector, and their
interactions, two different control strategies were presented. The
� rst is an LQG-LTR controller,where the effect of time delay is ig-
nored. The second is a Posi-Cast controller that attempts to forecast
positively the output at a future instant in the presence of a time de-
lay. The performanceof both of these controllerswas studied using
simulations.

Effects of injectionboth at and upstreamof the burningzonewere
modeled. The impact of proportional injection was compared and
contrastedwith an on– off injector.Their performancewas discussed
with varying authority and bandwidth. It was shown that as the
amount of secondary fuel is increased, both proportional and on–

off injectors provide increasingpressure reduction,with the former
realizing the same values as the latter using 50% smaller amount
of fuel. It was also shown that the effect of decreasing bandwidth
is minimal on proportional injectors, but signi� cant in the case of
on–off injectors. A long-term solution for high performance with
active combustioncontrol requires the design of a high-speed,high-
authority injector.
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